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Abstract: We consider a Galilean N = 2 supersymmetric theory with F-term couplings
in 2 + 1 dimensions, obtained by null reduction of a relativistic Wess-Zumino model. We
compute quantum corrections and we check that, as for the relativistic parent theory,
the F-term does not receive quantum corrections. Even more, we find evidence that the
causal structure of the non-relativistic dynamics together with particle number conservation
constrain the theory to be one-loop exact.
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1 Introduction
Emergent symmetries are a recurring theme in condensed matter physics: a new symmetry
may arise in the infrared, even if absent from the microscopic Hamiltonian, due to the
presence of an interacting infrared fixed point in the renormalization group flow. For
example, Lorentz symmetry can emerge in graphene [1–3], whose low-energy excitations
can be described by massless Dirac fermions, which move with a velocity that is 300 times
smaller than the speed of light.
Supersymmetry (SUSY) is a special symmetry which rotates bosonic in fermionic de-
grees of freedom and that has been studied for several decades, mostly from high energy
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physicist’s perspective. There are several interesting settings where it appears also as an
emerging symmetry in condensed matter systems. For example, superconformal invariance
in two dimensions arises in the tricritical Ising model [4]. Supersymmetry also appears in
the description of quantum phase transitions at the boundary of topological superconduc-
tors [5], in optical lattices [6], and in many other settings [7–11].
From a condensed-matter perspective, there are also many motivations for studying
field theories with non-relativistic symmetries. This includes both systems with or without
the non-relativistic boost symmetry (i.e. with Schro¨dinger or Lifshitz symmetry). In this
work we will focus on the former, which has a richer symmetry content. Non-relativistic
particles in the limit of infinite scattering length can be described by a Schro¨dinger confor-
mal field theory [12–14]. This has applications in nuclear physics e.g. [15], in cold atoms
[16] and in the quantum Hall effect [17]. It is then a natural question to investigate non-
relativistic incarnations of SUSY, since this kind of symmetry might be emergent in the
infrared of some real world systems.
The study of Galilean supersymmetry may be also interesting for holography. Almost
all the examples of AdS/CFT correspondence for which the boundary theory has been
precisely identified correspond to supersymmetric theories. Indeed SUSY gives a strong
analytic control on several quantum physical quantities, which in some cases can be exactly
computed. So, in order to find the precise holographic dual of a given gravity background
which geometrically realizes the Schro¨dinger symmetry [18], it may be useful to focus on
an explicitly supersymmetric theoretical setting.
Galilean invariance is usually thought as a low-energy approximation of theories with
Poincare´ invariance, and as such it can be found by performing the c → ∞ limit in the
corresponding relativistic setting1. On the other hand, it is possible to obtain the Galilean
group by Discrete Light Cone Quantization (DLCQ), which consists in a dimensional re-
duction along a null direction of a relativistic theory [20]. SUSY extensions of the Galilean
algebra were first introduced in 3+1 dimensions [21], where two super-Galilean algebras
were constructed, S1G which includes a single two-component spinorial supercharge and
S2G, which contains two supercharges. They can be obtained as the non-relativistic limit
of N = 1 and N = 2 Super-Poincare´ algebras, respectively. Alternatively, S2G can be
obtained performing a null reduction of the super-Poincare` algebra in 4+1 dimensions. It
turns out that S1G ⊂ S2G.
In 3+1 dimensions theories with S1G and S2G invariance have been considered in [21–
24], while in 2+1 dimensions Chern-Simons theories with S2G symmetry were studied in
[24–26]. Moreover, SUSY generalizations of the Schro¨dinger algebra have been investigated
[25, 27–29], as well as Lifshitz SUSY [30].
In this paper we will build an example of a theory with S2G SUSY in 2 + 1 dimen-
sions, which we obtain by null reduction from a 3 + 1 dimensional N = 1 Wess-Zumino
model. A non-vanishing interaction in the superpotential which survives the null reduction
requires the introduction of at least two chiral fields. Moreover, some exotic derivative cou-
1When performing this procedure, divergent expressions in the speed of light appear and we need to
introduce some subtraction terms via a chemical potential and by appropriately rescaling the fields [19].
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plings emerge when integrating out the non-dynamical components of the fields. Similar
derivative interactions were recently considered in a 1 + 1 dimensional example (without
supersymmetry) [31].
One may wonder if the powerful non-renormalization theorem for the F -term survives
null-reduction, giving an interacting Galilean theory with a nice ultraviolet behaviour. We
find that the non-relativistic truncation has even better UV properties:
• like the relativistic parent, the model is renormalizable and the superpotential term
does not acquire quantum corrections,
• there is strong evidence that the whole renormalization of the two-point function is
just at one loop (we check this claim explicitly up to four loops and discuss in general
higher orders). This remarkable property is due to the U(1) symmetry associated
to the non-relativistic particle number conservation, which limits the number of dia-
grams at a given perturbative order. Moreover, the causal structure strongly reduces
the number of non-vanishing diagrams.
As a consequence of these two properties, we work out a set of selection rules for diagrams
which simplifies the computation of the quantum corrections.
The paper is organised as follows. In section 2 we derive the S2G algebra from null
reduction and we discuss the N = 2 non-relativistic superspace. In section 3 we briefly
review the relativistic Wess-Zumino model and its renormalisation properties. Sections
4 and 5 contain the main results of the paper: we introduce the model and we study
its quantum corrections using selection rules that we derive in the supergraph formalism.
We discuss our results and possible developments in section 6. Conventions are listed in
appendix A. For completeness, the model in component field formalism and its quantization
are discussed in appendices B and C, respectively, while in appendix D we present in details
an example of supergraph calculation.
2 Non-relativistic supersymmetry algebra
We are interested in studying non-relativistic SUSY theories in 2 + 1 dimensions with
S2G invariance. This graded generalization of the Galilean algebra contains two complex
supercharges and is described by the following non-vanishing (anti)commutators
[Pj ,Kk] = iδjkM , [H,Kj ] = iPj ,
[Pj , J ] = −ijkPk , [Kj , J ] = −ijkKk , j, k = 1, 2 (2.1)
[Q, J ] = 12Q , {Q,Q†} =
√
2M ,
[Q˜, J ] = −12Q˜ , [Q˜,K1 − iK2] = −iQ , {Q˜, Q˜†} =
√
2H ,
{Q, Q˜†} = −(P1 − iP2) , {Q˜,Q†} = −(P1 + iP2) (2.2)
Here Pj are the spatial components of the momentum, Kj are the generators of Galilean
boosts, J is the planar angular momentum and Q, Q˜ are two complex supercharges. The
central charge M corresponds to the mass or particle number conservation.
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This is the non-relativistic N = 2 SUSY algebra in (2+1) dimensions. It first appeared
in the non-relativistic SUSY extension of Chern-Simons matter systems, which exhibit an
enhanced superconformal symmetry [25]. Its bosonic part is the U(1) central extension
of the Galilei algebra, known as Bargmann algebra. Instead, removing Q˜ from (2.2) we
obtain the S1G algebra.
The S2G algebra can be obtained in different ways. We can start with the non-SUSY
non-relativistic Galilean algebra, add two supercharges and impose consistency conditions
(as done in 3 + 1 dimensions [21]). Alternatively, we can perform the Ino¨nu¨-Wigner con-
traction of the 2 + 1 super-Poincare` algebra in the c → ∞ limit [32]. Finally, it can be
obtained by null reduction of N = 1 super-Poincare´ in 3+1 dimensions. We will follow the
last approach, as it is the most convenient one for constructing the non-relativistic N = 2
superspace.
2.1 Null reduction of relativistic N = 1 SUSY algebra in 3+1 dimensions
We begin by proving that the S2G algebra in (2.1,2.2) can be obtained by null reduction
of the relativistic N = 1 SUSY algebra in 3 + 1 dimensions.
Given the (3+1)-dimensional Minkowski spacetime described by light-cone coordinates
xM = (x−, x+, x1, x2) ≡ (x−, xµ) x± = x
3 ± x0√
2
(2.3)
null reduction is realized by compactifying x− on a small circle of radius R. For convenience,
we rescale x− → x−/R in such a way that the rescaled coordinate is adimensional. In order
to keep the metric tensor adimensional, we also rescale x+ → Rx+.
It is well known that the bosonic part of the super-Poincare´ algebra reduces to the
Bargmann algebra (2.1) by identifying some components of the linear and angular momenta
with the central charge and the boost operator [18, 20].
To perform the reduction of the fermionic part of the algebra we rewrite the r.h.s. of
the four-dimensional anticommutator {Qα, Q¯β˙} = iσMαβ˙∂M in terms of light-cone derivatives
∂± = 1√2(∂3 ± ∂0) 2
{Q, Q¯} = i
( √
2∂+ ∂1 − i∂2
∂1 + i∂2 −
√
2∂−
)
(2.4)
When the derivatives act on local functions φ(xM ) of the (3+1) space-time, we set
φ(xM ) = eimx
−
ϕ(xµ), where m is an adimensional parameter. Therefore, identifying
∂+ → ∂t , ∂− → im (2.5)
and reinterpreting the four-dimensional two-spinor components as three-dimensional com-
plex Grassmann scalars with Qα → Qα, Q¯β˙ → Q†β, we obtain
{Q1, Q†1} =
√
2i∂t =
√
2H , {Q1, Q†2} = i(∂1 − i∂2) = −(P1 − iP2) ,
{Q2, Q†1} = i(∂1 + i∂2) = −(P1 + iP2) , {Q2, Q†2} = −
√
2i∂− =
√
2m
(2.6)
2For conventions on four-dimensional spinors see appendix A.
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These anticommutators coincide with the ones in (2.2) if we identify3
Q1 = Q˜ , Q
†
1 = Q˜
† , Q2 = Q , Q
†
2 = Q
† (2.7)
and m with the eigeinvalue of the U(1) generator M .
It is interesting to compare our result with the relativistic N = 2 SUSY algebra in
(2+1) dimensions that can be obtained via Kaluza-Klein reduction of the N = 1 SUSY al-
gebra in (3+1) dimensions. If we start from {Qα, Q¯β˙} = −σMαβ˙PM , compactify along the x3
direction and assign momentum p3 ≡ Z, we obtain the three-dimensional anticommutator
[33]
{Qα,Q†β} = −σµαβPµ + iαβZ (2.8)
where µ = 0, 1, 2 and Z plays the role of a central term. This expression is very similar to
the one found in the non-relativistic case, eq. (2.6) with m playing the role of a central
charge. However, while in the relativistic reduction a central term appears in the fermionic
part of the algebra when we reduce the number of dimensions, in the non-relativistic case
the central charge is produced already in the bosonic sector (without requiring any SUSY
extension) and accounts for the physical fact that in non-relativistic theories the particle
number is a conserved quantity.
2.2 Non-relativistic superspace
In the relativistic setting the construction of SUSY invariant actions and the study of
renormalization properties is better performed in superspace, where fields belonging to the
same multiplet are organized in superfields. Having in mind to apply the same techniques
to non-relativistic SUSY systems, we first construct the N = 2 non-relativistic superspace
by applying null reduction to the four-dimensional one. The non-relativistic superspace
was first introduced in four dimensions [22, 23], whereas previous constructions in three
dimensions based on different techniques can be found in [26, 34].
We start with the relativistic N = 1 superspace in (3+1) described by superspace
coordinates (xµ, θα, θ¯α˙). An explicit realization of the super-Poincare´ algebra is given in
terms of the following supercharges4
Qα = i ∂
∂θα
− 1
2
θ¯β˙∂αβ˙ , Q¯α˙ = −i
∂
∂θ¯α˙
+
1
2
θβ∂βα˙ (2.9)
and SUSY covariant derivatives
Dα = ∂
∂θα
− i
2
θ¯β˙∂αβ˙ , D¯α˙ =
∂
∂θ¯α˙
− i
2
θβ∂βα˙ (2.10)
which act on local superfields Ψ(xM , θα, θ¯α˙).
3We note that identification (2.7) is required to obtain the correct anticommutators {Q,Q†} and {Q˜, Q˜†},
but it interchanges (P1 + iP2) and (P1− iP2) in the mixed anticommutators. This is simply due to the fact
that we chose x− as the compact light-cone coordinate. Had we chosen x+ we would have obtained exactly
the algebra in (2.2). Since having (P1 + iP2) and (P1 − iP2) interchanged does not affect our construction,
we take x− as the compact direction being this a more conventional choice in the literature.
4Superspace conventions are discussed in Appendix A.
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The N = 2 non-relativistic superspace in (2+1) dimensions can be easily obtained by
suitably generalizing the DLCQ procedure. To this end, we move to light-cone coordinates
(2.3) and rewrite ∂αβ˙ = σ
M
αβ˙
∂M in (2.9, 2.10) in terms of ∂±, ∂1, ∂2. Then, mimicking what
we have done in the non-supersymmetric case, we reduce a generic four-dimensional field as
φ(xM ) = eimx
−
ϕ(xµ). Since supersymmetry requires each field component of a multiplet
to be an eigenfunction of the ∂− operator with the same eigenvalue m, the reduction can
be done directly at the level of superfields, by writing
Ψ(xM , θα, θ¯α˙) = eimx
−
Ψ˜(x+ ≡ t, xi, θα, (θα)†) (2.11)
Acting on these superfields with supercharges and covariant derivatives (2.9,2.10) rewritten
in terms of light-cone derivatives, and performing the identification ∂+ ≡ ∂t and ∂− ≡ iM
(with eigenvalue m), we obtain5
Q1 = i
∂
∂θ1
− 12 θ¯2(∂1 − i∂2)− 1√2 θ¯1∂t
Q¯1 = −i ∂∂θ¯1 + 12θ2(∂1 + i∂2) + 1√2θ1∂t
Q2 = i
∂
∂θ2
− 12 θ¯1(∂1 + i∂2)− i√2 θ¯2M
Q¯2 = −i ∂∂θ¯2 + 12θ1(∂1 − i∂2)− i√2θ2M

D1 =
∂
∂θ1
− i2 θ¯2(∂1 − i∂2)− i√2 θ¯1∂t
D¯1 =
∂
∂θ¯1
− i2θ2(∂1 + i∂2)− i√2θ1∂t
D2 =
∂
∂θ2
− i2 θ¯1(∂1 + i∂2)− 1√2 θ¯2M
D¯2 =
∂
∂θ¯2
− i2θ1(∂1 − i∂2)− 1√2θ2M
(2.12)
These operators realize a representation of the non-relativistic algebra (2.2) and can be
interpreted as the supercharges and the covariant derivatives of a three-dimensional N = 2
superspace described by coordinates (t, x1, x2, θ1, θ2, θ¯1, θ¯2). Correspondingly, the functions
Ψ˜ in (2.11) are three-dimensional N = 2 superfields realizing a representation of the non-
relativistic SUSY algebra.
We point out that the non-relativistic superspace and the corresponding supercharges
could be alternatively constructed by quotienting the SUSY extension of the Bargmann
algebra by the subgroup of spatial rotations and Galilean boosts, in analogy with the con-
struction of the relativistic superspace as the quotient super-Poincare´/SO(1, 3). However,
the null reduction procedure is more convenient, as it relies on the quotient algebra already
implemented in four dimensions.
As in the relativistic case, imposing suitable constraints we can reduce the number
of superfield components and realize irreducible representations of the superalgebra. In
particular, we are interested in the construction of (anti)chiral superfields. These can be
obtained either by null reduction of the four-dimensional (anti)chiral superfields, D¯α˙Σ = 0
(DαΣ¯ = 0), or directly in three-dimensional superspace by imposing
D¯αΣ = 0, DαΣ¯ = 0 (2.13)
where the covariant derivatives are given in (2.12).
Defining coordinates
xµL,R = x
µ ∓ iθα(σ¯µ)αβ θ¯β µ = +, 1, 2 (2.14)
5From now on we rename (θα)† ≡ θ¯α and similarly for the other grassmannian quantities.
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which satisfy D¯αx
µ
L = 0, Dαx
µ
R = 0, the (anti)chiral superfields have the following expansion
Σ(xµL, θ
α) = ϕ(xµL) + θ
αψ˜α(x
µ
L)− θ2F (xµL) (2.15)
Σ¯(xµR, θ¯
β) = ϕ¯(xµR) + θ¯γ
¯˜
ψγ(xµR)− θ¯2F¯ (xµR) (2.16)
Manifestly supersymmetric actions can be constructed by using the Berezin integral
on spinorial coordinates. In the relativistic superspace, for a generic superfield Ψ we define∫
d4xd4θΨ =
∫
d4xD2D¯2Ψ
∣∣∣
θ=θ¯=0
(2.17)
with covariant derivatives given in (2.10). Performing the null reduction and extracting
the x− dependence of the superfield by setting Ψ = eimx−Ψ˜, we obtain the prescription for
the Berezin integrals in the non-relativistic superspace∫
d4xd4θΨ =
∫
d4xD2D¯2Ψ
∣∣∣
θ=θ¯=0
−→∫
d3xD2D¯2Ψ˜
∣∣∣
θ=θ¯=0
× 1
2pi
∫ 2pi
0
dx− eimx
− ≡
∫
d3xd4θ Ψ˜ × 1
2pi
∫ 2pi
0
dx− eimx
−
(2.18)
where in the r.h.s. d3x ≡ dt dx1dx2 and the spinorial derivatives are the ones in eq. (2.12).
It is immediate to observe that whenever m 6= 0 we obtain a trivial reduction due to the x−
integral. Non-vanishing expressions arise only if the super-integrand Ψ is uncharged respect
to the mass generator. In the construction of SUSY invariant actions this is equivalent to
require the action to be invariant under one extra global U(1) symmetry [23].
3 Review of the relativistic Wess-Zumino model
In this Section we briefly review the renormalization of the relativistic four-dimensional
Wess-Zumino (WZ) model, both in superspace and in components, in order to fix our
notations and recall the main physical properties that we plan to investigate in a non-
relativistic set-up.
The classical action of the WZ model [35] in (3+1) dimensions is given by
S =
∫
d4x d4θ Σ¯Σ +
∫
d4x d2θ
(
m
2
Σ2 +
λ
3!
Σ3
)
+ h.c. (3.1)
and describes the dynamics of the field components of a chiral superfield Σ = (φ, ψ, F ).
For simplicity we focus on the massless model, so from now on we set m = 0. This model
is classically scale invariant.
When reduced in components using definitions (A.18) the action reads
S =
∫
d4x
[
− ∂M φ¯ ∂Mφ+ iψ¯σ¯M∂Mψ + F¯F +
(
3λFφ2 − 3λψαψαφ+ h.c.
) ]
(3.2)
The action in (3.1) is manifestly invariant under N = 1 SUSY transformations
δεΣ =
[
iεαQα + iε¯α˙Q¯α˙,Σ
]
(3.3)
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Equivalently, action (3.2) is invariant under
δεφ = −εαψα
δεψα = iε¯
α˙(∂αα˙φ) + εαF
δεF = −iε¯α˙∂αα˙ψα
(3.4)
3.1 Renormalization in superspace
At quantum level we consider the generating functional
Z[J, J¯ ] =
∫
DΣDΣ¯ exp
{
i
(
S +
∫
d2θ JΣ +
∫
d2θ¯ J¯Σ¯
)}
(3.5)
where the sources J, J¯ are chiral and anti-chiral superfields, respectively. Correlation func-
tions can be obtained by repeated application of functional derivatives
δJ(zi)
δJ(zj)
= D¯2 δ(8)(zi − zj) , δJ¯(zi)
δJ¯(zj)
= D2 δ(8)(zi − zj) (3.6)
where z ≡ (xM , θα, θ¯α˙) and δ(8)(zi − zj) ≡ δ(4)(xi − xj)δ(2)(θi − θj)δ(2)(θ¯i − θ¯j). The
additional covariant derivatives acting on the delta functions come from the fact that we
are deriving constrained superfields.
Renormalizability properties can be investigated in superspace, where Feynman rules
can be formulated directly for superfields. These allow to draw supergraphs which can be
eventually reduced to ordinary Feynman integrals by performing D-algebra.
In short, for the massless WZ model super-Feynman rules are [36]
• Superfield propagator
〈Σ(zi)Σ¯(zj)〉 = 1 δ
(8)(zi − zj) −→ 〈Σ(p)Σ¯(−p)〉 = − 1
p2
δ(4)(θi − θj) (3.7)
• Vertices. These are read directly from the interaction Lagrangian. They are cubic
vertices containing only chiral or anti-chiral superfields. Because of identity (3.6) we
assign one D¯2 (D2) to every internal line exiting from a chiral (anti-chiral) vertex.
One of these factors is then used to complete the chiral (anti-chiral) integral at the
vertex, thus dealing only with
∫
d4θ at each vertex.
At this point we need to perform the spinorial integrals exploiting the spinorial delta
functions, in order to obtain a final result which is a local function of (θ, θ¯) integrated in
d4θ. However, we need to take into account that spinorial deltas may be partially affected
by residual D’s or D¯’s acting on internal lines. Moreover, products of identical deltas are
subject to (we set δij ≡ δ(2)(θi − θj) δ(2)(θ¯i − θ¯j))
δijδij = 0 , δijDαδij = 0 , δijD2δij = 0 , δijDαD¯α˙δij = 0 , δijDαD¯2δij = 0
δijDαD¯2Dβδij = −αβδij , δijD2D¯2δij = δijD¯2D2δij = δijD
αD¯2Dα
2
δij = δij (3.8)
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Therefore, it is easy to verify that we need to perform D-algebra until we reach a configura-
tion in which exactly two D’s and two D¯’s survive in each loop. This amounts to integrate
by parts spinorial derivatives at the vertices and trade products of them with space-time
derivatives through commutation rules like
[Dα, D¯2] = i∂αα˙D¯α˙ , [D¯α˙,D2] = −i∂αα˙Dα , D2D¯2D2 = D2 , D¯2D2D¯2 = D¯2 (3.9)
Whenever in a loop we end up with a number of derivatives which less than 2D’s +2D¯’s
the configuration vanishes and can be discharged. Instead, when in a loop we are left with
two D’s plus two D¯’s the spinorial integrations associated to that loop can be performed
and we are left with a non-vanishing expression local in the spinorial coordinates.
In so doing, we reduce a supergraph to the sum of a number of ordinary Feynman
diagrams. As usual, in momentum space these correspond to integrals over loop momenta,
with momentum conserved at each vertex. In general UV and IR divergences arise, which
require suitable regularizations to perform the integrals. At the end of the calculation,
going back to configuration space we obtain contributions that are given by local functions
of the superspace coordinates integrated in d4xd4θ.
The WZ model is renormalizable by power counting. Applying the supergraph tech-
niques described above, it immediately follows that UV divergences always arise in the
form of non-chiral superspace integrals and, as such, can only contribute to the kinetic
part of the effective action. The cubic superpotential, at the contrary, never gets divergent
corrections, and consequently it does not undergo any renormalization. This is the proof
of the well-known perturbative non-renormalization theorem [37].
Cancellation of loop divergences requires a wavefunction renormalization. Due to the
non-renormalization theorem, the coupling constant of the model inherits a non-trivial
renormalization as well. In fact,
L =
∫
d4θ (Σ¯Σ) +
∫
d2θ (λΣ3) → Lren =
∫
d4θ ZΣ(Σ¯Σ) +
∫
d2θ ZλZ
3/2
Σ (λΣ
3) (3.10)
but the absence of chiral divergences implies
ZλZ
3/2
Σ = 1 =⇒ Zλ = Z−3/2Σ (3.11)
3.2 Renormalization in components
It is interesting to see how the non-renormalization theorem is formulated when we per-
form perturbative calculations in components. In view of the comparison with the non-
relativistic analysis, this is motivated by the fact that so far most of the literature on
non-relativistic systems has used the component formalism.
Starting with the action in components given in (3.2) we can easily obtain the corre-
sponding Feynman rules. If we do not eliminate the auxiliary fields the propagators are
the ordinary scalar and fermion propagators completed with 〈FF¯ 〉 = 1 6, while the vertices
are still cubic vertices, as inferred directly from the action.
6They can also be obtained by reducing the super-propagator (3.7) in components.
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Evaluating ordinary Feynman diagrams and isolating the UV divergent terms, the
renormalizability of the model allows to write
Lren = −Z ∂M φ¯ ∂Mφ+ iZψ¯σ¯M∂Mψ + ZF¯F +
(
3λZλZ
3/2Fφ2 + 3λZλZ
3/2ψαψαφ+ h.c.
)
(3.12)
where we have used the SUSY condition Zφ = Zψ = ZF ≡ Z. It follows that the non-
renormalization theorem still leads to condition (3.11). In fact, since we have not eliminated
the auxiliary field F , this is nothing but a trivial rephrasing of the superspace approach.
Instead, we can proceed by first integrating out the auxiliary field F from the action,
using its equations of motion. Performing the perturbative analysis and taking into account
the non-renormalization condition (3.11), it turns out that the renormalized action for the
dynamical fields reads
Lren = −Z∂M φ¯ ∂Mφ+ iZψ¯σ¯M∂Mψ +
(
3λψαψαφ− 9Z−1|λ|2|φ|4 + h.c.
)
(3.13)
The relevant fact is that while the cubic vertex is still non-renormalized, the quartic scalar
interaction renormalizes non-trivially, due to the wavefunction renormalization. This shows
that when working in components and integrating out the auxiliary fields, quantum cor-
rections to the vertices may arise, although the non-renormalization theorem is still at
work.
3.3 The non-renormalization theorem
The holomorphicity of the superpotential is a powerful constraint which forces all quantum
corrections to F -terms to vanish. At perturbative level, a direct proof can be obtained by
supergraphs technique, as reviewed above. The non-perturbative derivation of this result
follows instead from an argument due to Seiberg [38].
Here we quickly review the argument, following [39]. We consider a WZ model for n
chiral superfields Σa interacting through a generic superpotential W
S =
∫
d4x d4θ Σ¯aΣa +
∫
d4x d2θW (Σa) + h.c. (3.14)
We introduce one extra chiral superfield Y , whose scalar part is set to 1 to recover the
original action, whereas the spinorial and auxiliary components vanish identically. We
assign R-charges R(Σa) = 0 and R(Y ) = 2. We also introduce real superfields Zab for the
wave function renormalization
S˜ =
∫
d4x d4θ ZabΣ¯aΣb +
∫
d4x d2θ Y W (Σa) + h.c. (3.15)
Assuming that the regularization procedure does not spoil SUSY, the Wilsonian effec-
tive action at a given scale λ is of the following form
S˜λ =
∫
d4x d4θK(Σ¯aΣa, Zab, Y, Y¯ ,D) +
∫
d4x d2θWλ(Σa, Y ) + h.c. (3.16)
Then R-invariance and holomorphicity of the superpotential force Wλ to be of the form
Wλ(Σa, Y ) = Y Wλ(Σa) (3.17)
Taking the weak coupling limit Y → 0, the only contribution to the superpotential is a
tree-level vertex, and therefore we find Wλ(Σa) = W (Σa).
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4 The non-relativistic Wess-Zumino model
We now study the non-relativistic counterpart of the WZ model using the superfield for-
mulation of section 2.2. We are primarily interested in investigating if and how the renor-
malization properties of the relativistic model survive in this case.
The natural way to obtain the non-relativistic version of the WZ model is by applying
null reduction (2.18) to the action in (3.1). Setting Σ = eimx
−
Φ there, we immediately
see that while the canonical Kahler potential survives the reduction being U(1) neutral,
the holomorphic superpotential has charge 3 and is killed by the x− integration. The only
way-out to obtain an interacting non-relativistic scalar model is then to introduce at least
two species of superfields with different m charges, and trigger them in such a way that
also the superpotential turns out to be neutral.
We then start in four dimensions with a WZ model for two massless fields described
by the action
S =
∫
d4xd4θ
(
Σ¯1Σ1 + Σ¯2Σ2
)
+ g
∫
d4xd2θΣ21Σ2 + h.c. (4.1)
We perform the null reduction by setting
Σ1(x
M , θ, θ¯) = Φ1(x
µ, θ, θ¯) eimx
−
, Σ2(x
M , θ, θ¯) = Φ2(x
µ, θ, θ¯) e−2imx
−
(4.2)
so that the superpotential is neutral under the mass generator. The reduced action reads
S =
∫
d3xd4θ
(
Φ¯1Φ1 + Φ¯2Φ2
)
+ g
∫
d3xd2θΦ21Φ2 + h.c. (4.3)
We will refer to the superfields in eq. (4.2) as belonging to sector 1 and 2, respectively.
Since in the non-relativistic superspace the time coordinate has twice the dimensions of the
spatial ones, superfields have still mass dimension one and the coupling g is dimensionless.
Therefore the model shares classical scale invariance with its relativistic counterpart.
This action is invariant under the non-relativistic N = 2 supersymmetry. Using defi-
nition (2.18) for the non-relativistic spinorial integrals, we can reduce it to components.
Focusing first on the kinetic part of the action, we can integrate out the auxiliary fields
and obtain (for details see appendix B)
Skin =
∫
d3x
[
2imϕ¯1∂tϕ1 + ϕ¯1∂
2
i ϕ1 − 4imϕ¯2∂tϕ2 + ϕ¯2∂2i ϕ2
+2imχ¯1∂tχ1 + χ¯1∂
2
i χ1 + 4imχ¯2∂tχ2 − χ¯2∂2i χ2
] (4.4)
where ϕ1,2 and χ1,2 are the dynamical non-relativistic scalar and fermion fields, respectively.
If we apply Fourier transform
ϕ(xµ) =
∫
dω d2k
(2pi)3
a(~k)e−i(ωt−~k·~x) (4.5)
to both scalars and fermions, the free equations of motion lead to the following dispersion
relations
ω1 =
~k1
2
2m
ω2 = −
~k2
2
4m
(4.6)
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The wrong sign for the energy of ϕ2 and χ2 is due to U(1) invariance which forces to assign
a negative eigenvalue to the mass operator for Φ2 in decomposition (4.2).
To circumvent this problem we first integrate by parts ∂t, ∂
2
i in sector 2, obtaining
Skin =
∫
d3x
[
2imϕ¯1∂tϕ1 + ϕ¯1∂
2
i ϕ1 + 4imϕ2∂tϕ¯2 + ϕ2∂
2
i ϕ¯2
+2imχ¯1∂tχ1 + χ¯1∂
2
i χ1 + 4imχ2∂tχ¯2 + χ2∂
2
i χ¯2
] (4.7)
Then we interchange the roles of ϕ2 and ϕ¯2 and similarly of χ2 and χ¯2. This operation
is equivalent to reversing the role of creation and annihilation operators. At the level of
superfields this amounts to interchanging all the components of Φ2 with the components
of Φ¯2. Note that this operation is done without exchanging the grassmannian coordinates,
i.e. without changing the chirality of the superfield. From now on we name Φ2 the chiral
superfield whose components7 are (ϕ¯2, ξ¯2, χ¯2, F¯2), while the antichiral Φ¯2 has components
(ϕ2, ξ2, χ2, F2), and assign positive mass 2m to Φ2.
Under this exchange and having eliminated the auxiliary fields, the complete action in
components reads
S =
∫
d3x
[
2imϕ¯1∂tϕ1 + ϕ¯1∂
2
i ϕ1 + 4imϕ¯2∂tϕ2 + ϕ¯2∂
2
i ϕ2
+ 2imχ¯1∂tχ1 + χ¯1∂
2
i χ1 + 4imχ¯2∂tχ2 + χ¯2∂
2
i χ2 − 4|g|2|ϕ1ϕ2|2 − |g|2|ϕ1|4
− ig
(√
2ϕ1χ1(∂1 − i∂2)χ¯2 − 2ϕ¯2χ1(∂1 − i∂2)χ1 + 2
√
2ϕ1((∂1 − i∂2)χ1)χ¯2
)
+ h.c.
+ 2|g|2
(
−|ϕ1|2χ¯1χ1 − 4|ϕ1|2χ¯2χ2 + 2|ϕ2|2χ¯1χ1 + 2
√
2ϕ1ϕ2χ¯1χ¯2 + 2
√
2ϕ¯1ϕ¯2χ2χ1
) ]
(4.8)
We note the presence of cubic derivative interactions, together with the standard quar-
tic couplings. Similar derivative interactions in a non-supersymmetric 1 + 1 dimensional
Galilean model have been recently studied in [31].
We remark that the same action could be obtained by null reduction of the 3 + 1
relativistic WZ action in components where the auxiliary fields have been integrated out.
Similar computations were performed in [40].
5 Renormalization in superspace
We now study the renormalization properties of the model defined by eq. (4.3), using
superspace formalism8. To this purpose, we first collect all the super-Feynman and selection
rules which select the allowed non-vanishing diagrams. This can be done by performing
the null reduction of the relativistic rules in 3+1 dimensions (see Section 3.1). In addition,
we have to take into account the U(1) symmetry of the Galilean action (4.3) associated
to the mass central charge M . This implies that the particle number has to be conserved
at each vertex and the only non-vanishing Green functions are the ones whose external
particle numbers add up to zero.
7 For details about the null reduction of non-relativistic fermions, see Appendix A.
8 The corresponding computation in component formalism is reported in Appendix C.
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5.1 Super-Feynman and selection rules
In order to take into account at graphical level the U(1) charge of the two superfields, it is
useful to indicate the particle number (or mass) flow by an arrow on the propagator line.
As shown in fig. 1 we assign a single arrow to Φ1 which has mass m and a double arrow
to Φ2 which has mass 2m.
The Feynman rules in the non-relativisitic N = 2 superspace are:
• Superfield propagators. These are easily obtained from the relativistic ones in eq.
(3.7) by replacing  → 2iM ∂t + ∂2i , with M = m or 2m or, in momentum space,
−p2 → 2Mω − ~p 2. We obtain
〈Φ1(ω, ~p)Φ¯1(−ω,−~p)〉 = i δ
(4)(θ1 − θ2)
2mω − ~p 2 + iε , 〈Φ¯2(ω, ~p)Φ2(−ω,−~p)〉 = i
δ(4)(θ1 − θ2)
4mω − ~p 2 + iε
(5.1)
As usual in the Galilean setting, we take the energy dimensions as
[ω] = E2 , [~k] = E , [m] = E0 (5.2)
The propagators for both sectors have a retarded iε prescription which follows the
order of fields shown in fig. 1, where the exchange of particles with anti-particles in
sector 2 is manifest from the reversed order of the fields with respect to sector 1 9.
• Vertices. These are cubic vertices easily read from the action in (4.3). The particle
number conservation at each vertex translates into the condition that the numbers
of entering and exiting arrows have to match (see fig. 1).
Φ¯1 Φ1 Φ2 Φ¯2
Φ1
Φ1
Φ2 (2ig)
Φ¯1
Φ¯1
Φ¯2 (2ig∗)
Figure 1: Propagators and vertices in superspace.
Since the null reduction does not affect the grassmannian part of the superspace,
supergraphs are built as in the relativistic case. In particular, rules (3.6) still hold, so
9In configuration space the iε prescription translates into a retarded prescription for the propagator. In
fact, the Fourier transform of (5.1) reads (M = m or 2m)
D(~x, t) =
∫
d2p dω
(2pi)3
i
δ(4)(θ1 − θ2)
2M ω − ~p2 + iε e
−i(ωt−~p·~x) = − iΘ(t)
4pi t
ei
M~x2
2t δ(4)(θ1 − θ2) (5.3)
where Θ is the Heaviside function.
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that we have one extra D¯2 (D2) for each chiral (anti-chiral) superfield entering or exiting
a vertex. The only important difference is that in the present case the grassmannian
derivatives are the non-relativistic ones in (2.12). D-algebra can then be performed as
summarized in section 3.1 in order to reduce the supergraph to a combination of ordinary
Feynman graphs for functions that are local in (θ, θ¯). In the non-relativistic case identities
that are crucial for the D-algebra are still (3.8) (with D, D¯ replacing D, D¯), and (see eqs.
(A.27, A.29))
[Dα, D¯2] =
√
2MD¯1δ
α
1 + i(σ¯
µ)αβ∂µD¯β , [D¯
α, D2] = −
√
2MD1δ
α
1 − i(σ¯µ)αβ∂µDβ ,
D2D¯2D2 = (2iM ∂t + ∂
2
i )D
2 , D¯2D2D¯2 = (2iM ∂t + ∂
2
i )D¯
2 (5.4)
where µ ∈ {+, 1, 2}.
Since the interaction part of the action still contains cubic vertices as in the relativistic
case, the possible topologies of supergraphs are the same (for supergraphs of the ordinary
WZ model, see for instance [41], [42]). However, the particle number conservation combined
with the analyticity properties leads to extra selection rules that are peculiar of the non-
relativistic models, and drastically reduce the number of non-vanishing diagrams.
First of all, the retarded nature of the non-relativistic scalar propagator, which in
momentum space is linear in the energy ω, implies
Selection rule 5.1. Arrows inside a Feynman diagram cannot form a closed loop.
This can be easily seen to be a consequence of the residue theorem in momentum
space and is better illustrated with an example. We consider the quantum correction to
the self-energy of the superpropagator in sector 1, as depicted in fig. 2.
(Ω, ~p)
(ω,~k)
(Ω, ~p)
Φ1 Φ¯1
Figure 2: One-loop correction to the self-energy of the Φ1 superfield.
This diagram gives the following contribution to the effective action
iΓ
(2)
1 (Φ1, Φ¯1) = 4|g|2
∫
d4θ
dω d2k
(2pi)3
Φ1(Ω, ~p, θ)Φ¯1(Ω, ~p, θ)[
4mω − ~k2 + iε
] [
2m(ω − Ω)− (~k − ~p)2 + iε
] (5.5)
We can perform the ω integration first, as the integrand is sufficiently regular to allow the
use of the residue theorem. The poles of the integrand
ω(1) =
~k2
4m
− iε , ω(2) = Ω + (
~k − ~p)2
2m
− iε (5.6)
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are both located in the lower-half complex plane, and so we can close the integration
contour in the upper half-plane, obtaining
Γ
(2)
1 (Φ1, Φ¯1) = 0 (5.7)
Analogously, in configuration space, the vanishing of the two-point function arises from the
product of two Heaviside functions with opposite arguments, which would have support
only in one point. By normal ordering, we choose to put this contribution to zero [43].
Since this argument works whenever all the ω poles are at the same side of the complex
ω plane (i.e. circulating arrows in the loop), selection rule 5.1 holds in general. However,
there is an important caveat: the selection rule relies on the possibility to perform the
ω-integration by using the residue theorem, which in turn requires the integrand to be suf-
ficiently decreasing at infinity for applying Jordan’s lemma. Propagators should guarantee
that this is always the case, but D-algebra might introduce extra ω factors as a result
of the commutation rules (5.4). As it will be discussed in 5.2, this never happens. As a
consequence, selection rule 5.1 is true even before performing D-algebra.
Selection rule 5.1 provides fundamental restrictions that make the non-relativistic case
very different from the relativistic one, and in this respect easier to study. For example,
an immediate consequence is that at one loop, one-particle irreducible diagrams with two
external lines admit only one non-vanishing configuration, the one given in fig. 3(a). This
rule is true also when the diagram is part of a bigger graph. As a consequence, the topology
shown in fig. 3(b) is always forbidden, when the number of horizontal lines is bigger than
two.
(a) (b)
Figure 3: Configurations allowed (a) and forbidden (b) by selection rule 5.1.
Further selection rules can be obtained from the application of the particle number
conservation:
Selection rule 5.2. The (sub)diagrams appearing in fig. 4 are forbidden by particle number
conservation. Configuration (e) is forbidden only for an even number of horizontal lines
on the right side.
This statement can be proved by drawing every possible configuration of arrows and
checking that no configurations arise, which respect conservation at all vertices.
As an example, we consider diagram 4(a) for which all possible configurations of arrows
are drawn in fig. 5. It can be seen that in all the configurations we cannot consistently
assign arrows in the top right vertex.
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(a) (b)
(c) (d) (e)
Figure 4: Set of vanishing (sub)diagrams due to particle number conservation. In (e) the
number of horizontal lines on the right side is required to be even.
5.2 Renormalizability of the theory
Renormalizability in superspace can be investigated by studying the superficial degree of
divergence of a generic supergraph with L loops, E = EC + EA external lines, P internal
propagators and V = VC + VA vertices, where the C and A subscripts stand for chiral and
anti-chiral, respectively.
For a connected graph we can use the topological constraint
L = P − V + 1 (5.8)
Since there are only cubic vertices, the relation E+2P = 3V also holds and when combined
with the previous constraint leads to
P = E + 3L− 3 (5.9)
Finally, in this theory the propagator always connects a chiral vertex with an anti-chiral
one. This further restricts the allowed configurations of diagrams, which have to satisfy
3VA = P + EA , 3VC = P + EC (5.10)
The integrand associated to a 1PI supergraph is given by the product of P super-
propagators (5.1) times a number of D, D¯ derivatives acting on the grassmannian delta
functions. Counting the number of these derivatives, we have a factor of (D¯2)2 associated
to each internal chiral vertex, a factor of (D2)2 associated to each internal anti-chiral vertex,
a factor of D¯2 for each chiral vertex with an external line attached, and finally a factor of
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(a) (b)
(c) (d)
(e) (f)
Figure 5: All possible configurations of arrows in an example of subdiagram. All of them
are forbidden by particle number conservation at the upper right vertex.
D2 for each anti-chiral vertex with an external line attached. The total number of covariant
derivatives is then
(D2)2VA−EA(D¯2)2VC−EC (5.11)
On the other hand, D-algebra requires one factor D2D¯2 for each loop to contract the
integral to a point in the (θ, θ¯) space. This implies that in non-vanishing diagrams the
remaining derivatives
(D2)2VA−EA−L(D¯2)2VC−EC−L (5.12)
are traded with powers of loop momenta, according to the D-algebra procedure explained
in Section 3.1.
Using constraints (5.10), the factor of covariant derivatives associated to the super-
graph is given by
(D2D¯2)
2
3
P−L (D2)−
EA
3 (D¯2)−
EC
3 (5.13)
The total contribution from such a diagram is given by this factor multiplied by P
propagators 1/4 with 4 ≡ 2Mω − ~k2, times L integrations on the loop variables.
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Looking at the superficial degree of divergence of the integral, the worst case occurs
when identities (5.4) can be used to trade D2D¯2 with 4, which then cancel internal prop-
agators. The corresponding integral reads∫
dω1d
2k1 . . . dωLd
2kL
(D2)−
EA
3 (D¯2)−
EC
3
4L+P3
=
∫
dω1d
2k1 . . . dωLd
2kL
(D2)−
EA
3 (D¯2)−
EC
3
42L+E3 −1
(5.14)
where in the last step eq. (5.9) has been used.
Convergence gets even worse in supergraphs where EA = EC = E/2 and the remaining
covariant derivatives also combine into inverse propagators. This gives∫
dω1d
2k1 . . . dωLd
2kL
1
42L+E2 −1
(5.15)
The superficial degree of divergence is δ = 2 − E. It is always negative for E ≥ 3 and
the corresponding integrals give finite contributions. For self-energy diagrams (E = 2)
logarithmic divergences arise, which can be subtracted by wave-function renormalization.
Finally, E = 1 corresponds to tadpoles, whose prototype is∫
dω d2k
2Mω − ~k2 + iε
(5.16)
After performing the ω-integration, we can use dimensional regularization to compute the
~k integral. The result is zero since the integral is dimensionful and cannot depend on any
possible scale. The non-relativistic WZ model is then renormalizable.
However, in the non-relativistic case we have to prove a further property of the ampli-
tudes, i.e. that the loop integrals on ω1, . . . , ωL are separately convergent. This requires
the integrand to behave at least as 1/ω2i for a given ωi-integration.
To this end we consider a specific loop Li containing Pi propagators. The fact that the
inverse of the Galilean propagator is linear in the energy, combined with energy conservation
at each vertex implies that the Pi propagators provide a power 1/ω
Pi
i . Since in a loop we
always have Pi ≥ 2 (tadpoles are zero) the convergence of the ωi-integral is guaranteed,
as long as there are no ωi powers at numerator. However, D-algebra may generate these
powers. In the worst situation D-derivatives produce factors which cancel completely some
propagators, contracting points in momentum space. In any case, this process leads to
a loop with at least two propagators, which is sufficient to ensure the convergence of
the integral. More generally, adjacent loops which in the relativistic case would lead to
overlapping divergences, have an even better convergence in ω.
In conclusion, all the energy integrals are convergent, they do not need to be regularized
and we can compute them in the complex plane by using the residue theorem. It is
important to stress that this property puts selection rule 5.1 on solid grounds.
5.3 Loop corrections to the self-energy
We now study quantum corrections to the WZ model (4.3). In order to deal with divergent
momentum integrals we use dimensional regularization within the minimal subtraction
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scheme. Integrals are computed in d = 2 −  and a mass scale µ is introduced to rescale
dimensionful quantities. We define renormalized quantities{
Φa = Z
−1/2
a Φ
(B)
a =
(
1− 12δa
)
Φ
(B)
a a = 1, 2
g = µ−Z−1g g(B) = µ−(1− δg)g(B)
(5.17)
and determine counterterms proportional to δa, δg
Lren +
∫
d4θ
(
δ1Φ¯1Φ1 + δ2Φ¯2Φ2
)
+
∫
d2θ
[
µg
(
δg + δ1 +
1
2
δ2
)
Φ21Φ2
]
+ h.c. (5.18)
which cancel UV divergences.
One loop
By applying selection rule 5.1 to sector 1, we immediately realize that there are no allowed
one-loop diagrams, except for the one depicted in fig. 2, which was shown to vanish. As a
consequence,
δ
(1loop)
1 = 0 (5.19)
For the one-loop self-energy in sector 2 we find, instead, the allowed diagram in fig. 6.
(Ω, ~p) (Ω, ~p)
Φ¯2 Φ2
Figure 6: One-loop correction to the self-energy of Φ2.
After performing D-algebra, the corresponding contribution reads
iΓ
(2)
2 (Φ2, Φ¯2) = 2|g|2
∫
d4θ
dω d2k
(2pi)3
Φ2(Ω, ~p, θ)Φ¯2(Ω, ~p, θ)[
2mω − ~k2 + iε
] [
2m(Ω− ω)− (~p− ~k)2 + iε
] (5.20)
As already discussed, the ω-integral is convergent and can be easily performed by means
of the residue theorem, leading to
Γ
(2)
2 (Φ2, Φ¯2) = −
|g|2
m
∫
d4θΦ2(Ω, ~p, θ)Φ¯2(Ω, ~p, θ)
∫
d2k
(2pi)2
1
2mΩ− ~k2 − (~p− ~k)2 + iε
(5.21)
The two-dimensional momentum integral can be now performed using dimensional regu-
larization. Focusing on its divergent part we obtain
Γ
(2)
2 (Φ2, Φ¯2)→
|g|2
4pim
1
ε
∫
d4θΦ2(Ω, ~p, θ)Φ¯2(Ω, ~p, θ) (5.22)
In the minimal subtraction scheme this leads to the following counterterm
δ
(1loop)
2 = −
|g|2
4pim
1
ε
(5.23)
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Two loops
Selection rules 5.1 and 5.2 are sufficient to rule out any two-loop correction to the self-
energies. In fact, looking at the two possible two-loop topologies of diagrams depicted in
fig. 8, it is easy to realize that no consistent assignments of arrows exist, or they vanish
due to circulating arrows in a loop.
Figure 7: Topologies of possible two-loop corrections to the self-energies.
Three loops
At three loops, the set of diagrams is of course richer. In the relativistic setting all possible
diagrams have been given in [41], where the three-loop β-function was computed.
In the non-relativistic case selection rules 5.1 and 5.2 discard almost all possible con-
figurations, leading only to one non-trivial type of diagram, the non-planar one depicted
in fig. 8. However, looking at all possible assignments of arrows we conclude that there is
always a circulating loop, which entails a vanishing result according to selection rule 5.1.
Therefore, there are no three-loop corrections to the self-energies of both superfields.
Figure 8: Non-trivial three-loop corrections to the self-energies. We depict all possible
assignments of arrows in the lines.
Four loops
At four loops all possible configurations of self-energy supergraphs can be imported from
[42], where the β-function for the relativistic WZ model was computed.
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In the non-relativistic case, once again, the selection rules discard almost all configu-
rations, leaving only the non-trivial diagrams listed in fig. 9(a)-(c).
The first two graphs contain as a subgraph the non-planar three-loop diagram already
discussed. Therefore, with similar arguments, we can prove that these diagrams vanish.
Diagram (c) is a new configuration and in principle it allows for different configurations of
arrows depicted in fig. 10(a)-(d). It is easy to see that all of them contain circulating loop
arrows, thus they vanish by means of selection rule 5.1.
(a) (b) (c)
Figure 9: Non-trivial quantum corrections to the self-energy at four loops.
(a) (b)
(c) (d)
Figure 10: Allowed assignments of arrows to the lines of diagram (c) in Fig. 9.
Higher loops
Up to four loops we have found that non-vanishing quantum corrections to the self-energy
appear only in sector 2 and only at one loop. Triggered by these results, the natural
question which arises is whether the same pattern repeats at any loop order or we should
expect non-vanishing contributions at higher loops.
To face this question, we can start excluding a large class of diagrams which contain
recursive structures that can be shown to vanish due to the selection rules. First, all
diagrams containing the structures in fig. 4 are forbidden by selection rule 5.2. Among the
allowed ones we can select for instance the structures in fig. 11. Generalizing the previous
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analysis one can check that all these structures always contain a closed loop of arrows and
are eventually ruled out by selection rule 5.1. This remains true for all the diagrams that
can be obtained by gluing different structures of fig. 11.
(a) (b)
(c) (d)
(e)
Figure 11: Non-trivial vanishing quantum corrections to self-energies at generic loop level.
Although these topologies cover a vast number of diagrams, they are not exhaustive and
in principle we cannot exclude the appearance of possible non-vanishing contributions from
more general configurations, like the one in fig. 12. Nonetheless, based on the experience
gained up to four loops, we expect that when the numbers of loops increases it becomes
more and more difficult to realize configurations of arrows without closed loops. Therefore,
we can quite safely conjecture that the self-energy of the Φ1 superfield is not corrected at
quantum level, while the one for Φ2 is one-loop exact.
Figure 12: General self-energy diagram.
Independently of the validity of this conjecture, it is a matter of fact that in the non-
relativistic model self-energy corrections are much simpler than their 4d N = 1 relativistic
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cousins. In fact, in the relativistic case the kinetic term acquires UV divergent corrections
at any loop order. Instead, in the non-relativistic model the particle number conservation
and the structure of the propagators drastically reduce the number of non-vanishing con-
tributions, leading to a theory which is one-loop exact. In particular, this shows that at
quantum level the non-relativistic three-dimensional N = 2 WZ model cannot be obtained
simply from null reduction of the four-dimensional relativistic model.
5.4 Loop corrections to the vertices
As already discussed in section 5.2 for a number of external legs equal or greater than three
we do not expect UV divergent contributions. Moreover, given that the null reduction does
not affect the spinorial part of superspace, we do not expect chiral integrals to be produced.
Therefore, the perturbartive non-renormalization theorem for the superpotential should
still work. As a consequence, the following constraint on the renormalization functions
(5.17) follows
δg + δ1 +
1
2
δ2 = 0 ⇒ δ(1loop)g =
|g|2
8pim
1

(5.24)
It is worth discussing the three-vertex diagrams anyway in order to investigate how
the selection rules restrict the number of possible quantum corrections for configurations
with three external fields.
As in the relativistic case, at one-loop there is no way to draw any three-point diagram
as long as the model is massless.
At two loops the only supergraph allowed by particle number conservation is the one in
fig. 13, where all possible configurations of arrows have been depicted. In all the diagrams
we see that a circulating loop of arrows appears, thus this diagram is ruled out by selection
rule 5.1. In appendix D we present details of the calculation.
(a) (b)
(c) (d)
Figure 13: Two-loop 1PI diagram for the three-point vertex. We depicted all the config-
urations of arrows associated to the lines.
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Extending this analysis at higher loops, again we find that in the non-relativistic
model the number of (finite) quantum contributions is drastically reduced compared to the
relativistic case.
5.5 Non-relativistic non-renormalization theorem
Strong support to the conjectured absence of corrections to the three-point vertex comes
from the existence of a non-relativistic version of the non-renormalization theorem. Here
we argue that such a theorem can be easily inherited from the relativistic one.
We consider a generic Galilean WZ model for n chiral superfields
S =
∫
d3xd2θd2θ¯ Φ¯aΦa + g
∫
d3xd2θW (Φa) + h.c. (5.25)
obtained by null reduction of the relativistic one in eq. (3.14).
The same argument used in the relativistic case can be adapted here in order to rule
out quantum corrections to the F-term. As in eq. (3.15) we can introduce one extra
chiral superfield Y multiplying the superpotential, which can be set equal to 1 in order to
reproduce eq. (5.25), together with wave function renormalization superfields Zab
S˜ =
∫
d3x d4θ ZabΦ¯aΦb +
∫
d3x d2θ Y W (Φa) + h.c. (5.26)
Since the non-relativistic limit via null reduction technique does not modify the grassman-
nian part of the superfields in the action, R-symmetry works in the same way as in the
relativistic case. Therefore, as in the relativistic case, we assign R-charges R(Φa) = 0 and
R(Y ) = 2.
The regularization that we used, which corresponds to first performing the regular ω-
integrals and then the ~k-integrals in dimensional regularization, preserves SUSY. Therefore,
the Wilsonian effective action at a given scale λ will have the following general structure
S˜λ =
∫
d3x d4θK(Φ¯aΦa, Zab, Y, Y¯ ,D) +
∫
d3x d2θWλ(Φa, Y ) (5.27)
Now, R-invariance and holomorphicity of the superpotential, combined with the weak
coupling limit, give as in the relativistic case Wλ = Y W (Φa).
6 Conclusions
In this paper we studied the renormalization properties of a 2 + 1 dimensional model
with S2G Galilean SUSY invariance, obtained by null reduction of the four-dimensional
relativistic Wess-Zumino model (see eq. (4.1)). The model contains two chiral superfields
and it is the simplest theory with F-term interactions compatible with the non-relativistic
U(1) mass invariance. When reduced in components, after integrating out the auxiliary
fields, the interaction lagrangian includes cubic derivative and quartic non-derivative local
interactions.
We constructed the N = 2 non-relativistic superspace as null reduction of the four-
dimensional N = 1 relativistic one, and quantized the system in this framework. Since null
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reduction does not affect the grassmanian coordinates and SUSY is totally preserved, loop
corrections to the cubic vertex obey a non-relativistic analog of the non-renormalization
theorem for the F-terms of the parent relativistic theory.
More interestingly, in the non-relativistic case, U(1) invariance and the retarded na-
ture of the field propagators lead to further selection rules that forbid many topologies of
potentially divergent diagrams. As a result, up to four loops, quantum corrections to the
Ka¨hler potential are all vanishing with the exception of the one-loop contribution to the
Φ2 propagator.
Extending the investigation to higher loops we have provided strong evidence that
the combination of the non-renormalization properties of the F-terms and the selection
rules, in particular the vanishing of loop diagrams whose arrows form a closed loop, sup-
presses Galilean UV divergences in a very efficient way and makes the model one-loop
exact. Therefore, the non-relativistic model has peculiar quantum properties that render
it very different from its relativistic counterpart. At the quantum level, it cannot be simply
obtained by null reduction of the ordinary WZ model in 3 + 1 dimensions.
The result we have found is reminiscent of relativistic gauge theories with extended
SUSY, like for instance the relativistic N = 2 SYM in 3+1 dimensions. In that case
extended supersymmetry constrains the corrections to the Ka¨hler potential to be related
to the F-terms, which are protected by the non-renormalization theorem. In the non-
relativistic model discussed in this paper, instead the protection of the Ka¨hler potential
is related to the U(1) charge conservation at each vertex, which in many diagrammatic
contributions constrains arrows to form a closed loop, so leading to a vanishing integral.
It would be interesting to investigate if a common hidden mechanism exists, which is
responsible of the similar mild UV behavior of these two rather different classes of theories.
At the classical level the model is scale-invariant. However, this symmetry is broken
by anomalous quantum corrections. As follows from our result (5.24) the beta function for
the coupling g is given by
βg =
dg
d logµ
=
g3
4pim
(6.1)
and the theory is infrared free at low energies, like the model studied in [43]. If the Ka¨hler
potential is one-loop exact, as it seems to be the case, then equation (6.1) is exact. Note
that in the single field example without SUSY studied in [43] the beta function is also one-
loop exact, but for different reasons. There the propagator has no quantum corrections
and all the UV divergences come from the vertex corrections.
As a continuation of the study of non-relativistic conformal anomalies in curved Newton-
Cartan (NC) background [44–50], it would be interesting to study superconformal anoma-
lies of a Galilean SUSY theory in the presence of a classical NC supergravity source. We
leave this as a topic for further work.
A non-relativistic theory of a chiral superfield coupled to a Chern-Simons gauge field,
which is invariant under the conformal extension of the S2G algebra, was constructed in
[25]. We expect that further examples of S2G theories may be constructed by coupling the
F-term interacting theory discussed in this paper to a Chern-Simons gauge field. These
examples should contain trilinear derivative couplings between scalars and fermions and
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then should be different from existing constructions of non-relativistic SUSY Chern Simons
theory built from the c→∞ non relativistic limit (see e.g. [51–55]). In analogy to the non-
SUSY example studied in [56], we expect that for special values of the F-term coupling g the
resulting theory is conformal. We leave a detailed study as a topic for further investigation.
These extensions may provide a useful theoretical SUSY setting for studying non-abelian
anyons [55, 57] and non-relativistic particle-vortex dualities [58].
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A Conventions
In this Appendix we collect SUSY conventions in 3+1 and 2+1 dimensions. For conventions
in four dimensions we primarily refer to [59].
Spinors
In 3 + 1 dimensional Minkowski space-time we take the metric ηMN = diag(−1, 1, 1, 1) and
denote left-handed Weyl spinors as ψα, while right-handed ones as χ¯
α˙.
Spinorial indices are raised and lowered as
ψα = αβψβ , χ¯α˙ = α˙β˙χ¯
β˙ (A.1)
where the Levi-Civita symbol is chosen to be
αβ = α˙β˙ = −αβ = −α˙β˙ =
(
0 1
−1 0
)
(A.2)
Contractions of spinorial quantities are given by
χ · ψ = χαψα = ψ · χ , χ¯ · ψ¯ = χ¯α˙ψ¯α˙ = ψ¯ · χ¯ (A.3)
Complex conjugation changes the chirality of spinors. The prescription for the signs is
(ψα)† = ψ¯α˙ , (ψα)† = ψ¯α˙ , (χ¯α˙)† = χα , (χ¯α˙)† = χα (A.4)
We use sigma matrices
σM = (1, σi) , σ¯M = (1,−σi) (A.5)
where we have defined (σ¯M )α˙α = α˙β˙αβ(σM )ββ˙. They satisfy the following set of useful
identities
(σM )αα˙(σ¯M )
β˙β = −2δ βα δ β˙α˙ , (σM )αα˙(σM )ββ˙ = −2αβα˙β˙ , Tr(σM σ¯N ) = −2ηMN ,(
σM σ¯N + σN σ¯M
) β
α
= −2ηMNδ βα ,
(
σ¯MσN + σ¯NσM
)β˙
α˙
= −2ηMNδβ˙α˙ (A.6)
Spinorial derivatives
In order to manipulate expressions with spinorial objects it is useful to adopt a notation
where spinorial indices are manifest. For the case of vectors and in particular for partial
derivatives this is achieved by defining
∂αα˙ = (σ
M )αα˙∂M , ∂
αα˙ = αβα˙β˙∂ββ˙ = (σ¯
M )α˙α∂M , ∂M = −1
2
(σ¯M )
α˙α∂αα˙ (A.7)
which in particular imply
 ≡ ∂M∂M = −1
2
∂αα˙∂αα˙ , ∂
αγ˙∂γ˙β = −δαβ  (A.8)
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We assign rules for the coordinates consistently with the requirement ∂Mx
M = ∂αα˙x
αα˙ = 4,
that is
xαα˙ = −1
2
(σ¯M )
α˙αxM , xM = (σM )αα˙x
αα˙ (A.9)
It follows that x2 ≡ xMxM = −2xαα˙xαα˙.
Finally, we define partial spinorial derivatives acting on Grassmann variables as
∂αθ
β = δ βα , ∂
βθα = −δ βα , ∂¯α˙θ¯β˙ = δ β˙α˙ , ∂¯β˙ θ¯α˙ = −δα˙β˙ (A.10)
Imposing the reality of δ NM = [∂M , x
N ] and δ βα = {∂α, θβ} we find that spacetime derivatives
are anti-hermitian, (∂M )
† = −∂M , while the spinorial ones are hermitian, (∂α)† = ∂¯α˙.
Superspace
The SUSY generators can be written as
Pαα˙ = −i∂αα˙ , Qα = i
(
∂α +
i
2
θ¯α˙∂αα˙
)
, Q¯α˙ = −i
(
∂¯α˙ +
i
2
θα∂αα˙
)
(A.11)
such that the algebra is {Qα, Q¯α˙} = i∂αα˙ = −Pαα˙. The covariant differential operators
which anticommute with the supercharges are
Dα = ∂α − i
2
θ¯α˙∂αα˙ = −iQα − iθ¯α˙∂αα˙ , D¯α˙ = ∂¯α˙ − i
2
θα∂αα˙ = iQ¯α˙ − iθα∂αα˙ (A.12)
and they satisfy
{Dα, D¯α˙} = −i∂αα˙ = Pαα˙ (A.13)
With these conventions, we obtain
Q¯α˙ = (Qα)† , D¯α˙ = (Dα)† (A.14)
We define
Q2 ≡ 1
2
QαQα , Q¯2 ≡ 1
2
Q¯α˙Q¯α˙ , D2 ≡ 1
2
DαDα , D¯2 ≡ 1
2
D¯α˙D¯α˙ (A.15)
Chiral superfields
Chiral superfields satisfy D¯α˙Σ(xM , θα, θ¯α˙) = 0, and can be written as
Σ(xL, θ, θ¯) = φ(xL) + θ
αψα(xL)− θ2F (xL) , xαα˙L ≡ xαα˙ − iθαθ¯α˙ (A.16)
Similarly, anti-chiral superfields satisfy DαΣ¯(xM , θα, θ¯α˙) = 0, whose solution is
Σ¯(xR, θ, θ¯) = φ¯(xR) + θ¯α˙ψ¯
α˙(xR)− θ¯2F¯ (xR) , xαα˙R ≡ xαα˙ + iθαθ¯α˙ (A.17)
Using definitions θ2 ≡ 12θαθα, θ¯2 ≡ 12 θ¯α˙θ¯α˙, we find the following compact expression for
the components of a chiral superfield
φ = Σ| , ψα = DαΣ| , F = D2Σ| (A.18)
where | means that we evaluate the expression at θ = θ¯ = 0. The anti-chiral components
are simply given by the complex conjugated of these expressions.
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Pauli matrices in light-cone coordinates
Pauli matrices matrices in light-cone coordinates are
σ± =
1√
2
(σ3 ± σ0) , σ¯± = 1√
2
(σ¯3 ± σ¯0)
σ− = −σ¯+ =
√
2
(
0 0
0 −1
)
, σ+ = −σ¯− =
√
2
(
1 0
0 0
)
(A.19)
Therefore, for instance we write (from (A.7))
∂αα˙ = (σ
+)αα˙ ∂+ + (σ
−)αα˙ ∂− + (σ1)αα˙ ∂1 + (σ2)αα˙ ∂2
∂αα˙ = (σ¯+)α˙α ∂+ + (σ¯
−)α˙α ∂− + (σ¯1)α˙α ∂1 + (σ¯2)α˙α ∂2
(A.20)
with ∂± = 1√2(∂3 ± ∂0).
Conventions in 2+1 dimensions
Non-relativistic quantities in 2+1 dimensions are obtained from the null reduction of 3+1
dimensional Minkowski spacetime. The prescription is to introduce light-cone coordinates
xM = (x−, x+, x1, x2) = (x−, xµ), compactify along a small circle in the x− direction and
perform the identifications
∂− → im , ∂+ → ∂t , φ(xM ) = eimx−ϕ(xµ) (A.21)
where m is the adimensional eigenvalue of the U(1) mass operator and φ(xM ) is a local
field.
Non-relativistic fermions in 2+1 dimensions are parametrized by two complex Grass-
mann scalars ξ(xµ) and χ(xµ). Under null reduction the identification with the 3+1 di-
mensional left-handed Weyl spinor ψ(xM ) works as follows
ψα(x
M ) = eimx
−
ψ˜α(x
µ) = eimx
−
(
ξ(xµ)
χ(xµ)
)
(A.22)
Under complex conjugation we choose the prescription
ψ¯α˙ = (ψα)
† = e−imx
−
(ψ˜α)
† ≡ e−imx−
(
ξ¯(xµ)
χ¯(xµ)
)
(A.23)
Using identities (A.1) it is easy to infer the identification with the components of ψα and
ψ¯α˙.
Taking the mass as a dimensionless parameter enforces the energy dimensions of the
non-relativistic fermion to be
[ξ] = E2 , [χ] = E (A.24)
These assignments immediately follow when performing the null reduction of the Weyl
Lagrangian
L = iψ†σ¯M∂Mψ →
√
2mξ¯ξ +
√
2iχ¯∂tχ− iξ¯(∂1 − i∂2)χ− iχ¯(∂1 + i∂2)ξ (A.25)
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We observe that the only dynamical component is χ, while ξ turns out to be an auxiliary
field that can be integrated out from the action.
Since null reduction affects only space-time coordinates without modifying the spinorial
ones, we obtain N = 2 supersymmetry in three dimensions. According to the ordinary pat-
tern for which the three dimensional N = 2 superspace is “equal” to the four-dimensional
N = 1 superspace, all the properties related to manipulations of covariant derivatives
and supercharges, e.g. the D-algebra procedure, are directly inherited from the (3+1)
relativistic theory under a suitable re-interpretation of the spinorial objects.
In particular, the algebra of covariant derivatives reads
{Dα, D¯β} = −i∂αβ , {Dα, D¯β} = −i∂βα (A.26)
where, as follows from (A.20), the three-dimensional derivatives are given by
∂αβ =
( √
2∂t ∂1 − i∂2
∂1 + i∂2 −i
√
2M
)
∂αβ =
(
−i√2M −(∂1 − i∂2)
−(∂1 + i∂2)
√
2∂t
)
(A.27)
They satisfy the following identities
∂αβ = αδβγ∂γδ ∂βα = αγβδ ∂
γδ (A.28)
Therefore, we have for instance ξ¯α∂
αβχβ = ξ¯
α∂βαχ
β. Identities which turn out to be useful
for the reduction of the action to components are
[Dα, D¯2] = i∂βαD¯β , [D¯
α, D2] = −i∂αβDβ
D2D¯2 + D¯2D2 = (2iM∂t + ∂
2
i ) +D
αD¯2Dα = (2iM∂t + ∂
2
i ) + D¯αD
2D¯α
(A.29)
B Non-relativistic Wess-Zumino model in components
In this appendix we perform the reduction to components of the non-relativistic superaction
(4.3) and show how to obtain expression (B.5) after eliminating the auxiliary fields.
For simplicity we focus only on the Kahler term. Applying the prescription for the
Berezin integration (2.18) we can write
Skin =
∫
d3x
[
D¯2Σ¯aD
2Σa + D¯αΣ¯a D¯
αD2Σa + Σ¯a D¯
2D2Σa
]
(B.1)
where the non-relativistic covariant derivatives are given in eq. (2.12) and a = 1, 2 labels
the two sectors of superfields.
We define the theta expansion of the Wess-Zumino chiral superfields as (here θ1, θ2
indicate components 1 and 2 of the θα spinor)
Σ1 = ϕ1 + θ
1ξ1 + θ
2 2
1
4
√
mχ1 − 1
2
θαθαF1
Σ2 = ϕ2 + θ
1ξ2 + θ
2 i2
1
4
√
2mχ2 − 1
2
θαθαF2
(B.2)
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where a convenient rescaling of the grassmannian fields has been implemented in order to
have the standard normalization of the kinetic terms, with ϕa and χa sharing the same
dimensions. Using these conventions we obtain
Skin =
∫
d3x
[
2imϕ¯1(∂tϕ1) + ϕ¯1∂
2
i ϕ1 − 4imϕ¯2(∂tϕ2) + ϕ¯2∂2i ϕ2 + F¯1F1 + F¯2F2
+
√
2mξ¯1ξ1 + 2imχ¯1(∂tχ1)− 2 14 i
√
m ξ¯1(∂1 − i∂2)χ1 − 2 14 i
√
mχ¯1(∂1 + i∂2)ξ1
−2
√
2mξ¯2ξ2 + 4imχ¯2(∂tχ2) + 2
1
4
√
2m ξ¯2(∂1 − i∂2)χ2 − 2 14
√
2mχ¯2(∂1 + i∂2)ξ2
]
(B.3)
Integrating out the non-dynamical fields F1,2 and ξ1,2 we find
Skin =
∫
d3x
[
2imϕ¯1∂tϕ1 + ϕ¯1∂
2
i ϕ1 − 4imϕ¯2∂tϕ2 + ϕ¯2∂2i ϕ2
+2imχ¯1∂tχ1 + χ¯1∂
2
i χ1 + 4imχ¯2∂tχ2 − χ¯2∂2i χ2
] (B.4)
The component form of the interacting part of the action can be similarly obtained by
means of the standard superspace manipulations combined with the Berezin integration
(2.18). The result in terms of dynamical fields is
Sint =
∫
d3x
[
− 4|g|2|ϕ1ϕ2|2 − |g|2|ϕ1|4
− ig
(√
2ϕ1χ1(∂1 − i∂2)χ¯2 − 2ϕ¯2χ1(∂1 − i∂2)χ1 + 2
√
2ϕ1((∂1 − i∂2)χ1)χ¯2
)
+ h.c.
+ 2|g|2
(
−|ϕ1|2χ¯1χ1 − 4|ϕ1|2χ¯2χ2 + 2|ϕ2|2χ¯1χ1 + 2
√
2ϕ1ϕ2χ¯1χ¯2 + 2
√
2ϕ¯1ϕ¯2χ2χ1
) ]
(B.5)
C Quantum corrections in components
As a cross-check of the results obtained in section 4 using superspace formalism, in this
appendix we compute one and two-loop quantum corrections to the self-energies and one-
loop corrections to the vertices using the component formalism.
We start from the action in components (B.5). Scalars and fermions share the same
kinetic operator. Therefore, the tree-level propagators are
〈ϕ1(ω, ~p)ϕ¯1(−ω,−~p)〉 = 〈χ1(ω, ~p)χ¯1(−ω,−~p)〉 = i
2mω − ~p 2 + iε
〈ϕ2(ω, ~p)ϕ¯2(−ω,−~p)〉 = 〈χ2(ω, ~p)χ¯2(−ω,−~p)〉 = i
4mω − ~p 2 + iε (C.1)
Interaction vertices can be read directly from the lagrangian and are shown in fig. 14 and
15, where we use dashed and continous lines to denote scalars and fermions, respectively.
In order to classify the admitted diagrams, we can take into account that the reduction
in components does not affect the propagators as functions of ω and ~p. Therefore, the
arguments that led to formulate the fundamental selection rule 5.1 are still true. Moreover,
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~k
~p
~q
ϕ1
χ1
χ¯2
(a) −√2ig [(q1 − iq2)− 2(p1 − ip2)]
~p
~k
~q
ϕ¯1
χ¯1
χ2
(b)
√
2ig∗ [(q1 + iq2)− 2(k1 + ik2)]
~k
~p
~q
χ1
χ1
ϕ¯2
(c) −2ig [(k1 − ik2)− (p1 − ip2)]
~p
~k
~q
χ¯1
χ¯1
ϕ2
(d) 2ig∗ [(k1 + ik2)− (p1 + ip2)]
Figure 14: Feynman rules for three-point vertices. Scalars are denoted by dashed lines,
while fermions by continuous lines.
the conservation of particle number at each vertex still provides the driving rule to select
the admissible topologies and arrows configurations.
In order to properly define physical quantities and Green functions, we introduce renor-
malized fields and couplings defined as
ϕa = Z
−1/2
a ϕ
(B)
a =
(
1− 12δϕa
)
ϕ
(B)
a a = 1, 2
χa = Z
−1/2
a χ
(B)
a =
(
1− 12δχa
)
χ
(B)
a
m = Z−1m m(B) = (1− δm)m(B)
g = µ−εZ−1g g(B) = µ−ε(1− δg)g(B)
(C.2)
Spatial integrals are computed in dimension d = 2 − ε and we have introduced the mass
scale µ to keep the coupling constant dimensionless.
One-loop corrections to the self-energies
By applying selection rule 5.1 and particle number conservation there are no admissible
one-loop self-energy diagrams for particles in sector 1. For fields in sector 2, instead we
find a non-vanishing contribution both for the scalar and the fermion corresponding to the
diagrams in fig. 16. Direct inspection leads to
iM(2)b = iM(2)f =
2|g|2
(2pi)3
∫
dω d2k
(~p− 2~k)2[
2mω − ~k2 + iε
] [
2m(Ω− ω)− (~p− ~k)2 + iε
] (C.3)
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ϕ¯1
ϕ1 χ1
χ¯1
(a) −2i|g|2
ϕ¯1
ϕ1 χ2
χ¯2
(b) −8i|g|2
ϕ¯2
ϕ2 χ1
χ¯1
(c) 4i|g|2
χ¯1
ϕ1 ϕ2
χ¯2
(d) 4
√
2i|g|2
χ1
ϕ¯1 ϕ¯2
χ2
(e) 4
√
2i|g|2
ϕ¯1
ϕ1 ϕ2
ϕ¯2
(f) −4i|g|2
ϕ¯1
ϕ1 ϕ1
ϕ¯1
(g) −4i|g|2
Figure 15: Feynman rules for four-point vertices. Scalars are denoted by dashed lines,
while fermions by continuous lines.
(Ω, ~p)
(Ω− ω, ~p− ~k)
(Ω, ~p)
ϕ2 ϕ¯2
(a) iM(2)b (ϕ2, ϕ¯2)
(Ω, ~p)
(Ω− ω, ~p− ~k)
(Ω, ~p)
χ2 χ¯2
(b) iM(2)f (χ2, χ¯2)
Figure 16: 1-loop correction to the scalar (a) and fermionic (b) self-energies in sector 2.
We use the residue method to perform the integration in ω, obtaining
M(2) = −|g|
2
m
∫
d2k
(2pi)2
(~p− 2~k)2
2mΩ− ~k2 − (~p− ~k)2 + iε
(C.4)
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The remaining integral is UV divergent and can be computed with standard techniques of
dimensional regularization. We obtain
M(2) = |g|
2
m
d
µ2(2−d)
(4pi)d/2
Γ
(
−d
2
) (
~p2
4
−mΩ
) d
2
=
|g|2
2pim
(
2mΩ− ~p
2
2
)
1
ε
+ finite (C.5)
In minimal subtraction scheme the 1/ pole is cancelled by setting in (C.2)
δ(1loop)ϕ2 = δ
(1loop)
χ2 = −
|g|2
4pim
1
ε
, δ(1loop)m = 0 (C.6)
whereas δ
(1loop)
ϕ1 = δ
(1loop)
χ1 = 0. This result is consistent with the one-loop renormalization
(5.23) that we have found in superspace.
One-loop corrections to three-point vertices
In the action in components there are two types of three-point vertices (see fig. 15). We
discuss them separately.
Vertex V3(χ1, χ1, ϕ¯2) and its complex conjugate are not corrected at one loop since
we cannot build any diagram consistent with particle number conservation. It then follows
that (
δg + δχ1 +
1
2
δ∗ϕ2
) ∣∣∣
(1loop)
= 0 (C.7)
Using result (C.6), we then find
δ(1loop)g =
|g|2
8pim
1
ε
(C.8)
Vertex V3(ϕ1, χ1, χ¯2) has in principle a one-loop contribution shown in fig. 17.
(ωp, ~p)
(ωk,~k)
ϕ1
χ1
χ¯2
Figure 17: 1-loop correction to the 3-point vertex.
After ω-integration by residues, this diagram gives
M(3)(ϕ1, χ1, χ¯2) = −|g|
2
m
√
2g
(2pi)2
∫
d2l
(p1 + k1)− i(p2 + k2)− 2(l1 − il2)
2m(ωp + ωk)−~l2 − (~p+ ~k −~l)2 + iε
(C.9)
We perform dimensional regularization along the spatial directions. Since the integrand
contains in the numerator an expression which depends explicitly on the li components
in a non-covariant way, before continuing the integrand to d dimensions we need to give
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a prescription to covariantize the numerator. We introduce the vector ~v = (1,−i) and
write the numerator as ~v · (~p + ~k − 2~l ). We then continue the integrand to d dimensions,
promoting also ~v to a d-dimensional vector with only the first two components different
from zero. We have
M(3)(ϕ1, χ1, χ¯2) = −|g|
2
m
√
2gµ3(2−d)
(2pi)d
∫
ddl
~v · (~p+ ~k − 2~l )
2m(ωp + ωk)−~l2 − (~p+ ~k −~l)2 + iε
(C.10)
With the change of variables ~q = ~l − ~p+~k2 we obtain
M(3)(ϕ1, χ1, χ¯2) = −|g|
2
m
√
2gµ3(2−d)
(2pi)d
∫
ddq
~v · ~q
q2 −m(ωp + ωk) + (~p+~k)24 + iε
(C.11)
This integral vanishes for symmetry reasons. The lack of one-loop corrections then implies
that conterterms in eq. (C.2) need to satisfy(
δg +
1
2
δϕ1 +
1
2
δχ1 +
1
2
δχ2
) ∣∣∣
(1loop)
= 0 (C.12)
This condition is automatically satisfied by results in eqs. (C.6, C.8).
We note that the one-loop result δg = −12δχ2 is the component version of the superspace
constraint (5.24). As expected, quantum corrections do not break supersymmetry.
One-loop corrections to four-point vertices
In principle, the one-loop evaluation of self-energies and three-point vertices allows to solve
for all the unknowns in lagrangian (B.5). Moreover, we have verified that the corrections are
all consistent between themselves and with the superspace results. However, we may want
to consider some 1PI diagrams involving four-point vertices, in order to provide further
evidence that SUSY is preserved also working in components.
Compared to the previous cases, we have far more possibilities to build four-point
diagrams with the vertices at our disposal (see figs. 14, 15). All the topologies of diagrams
consistent with particle number conservation at each vertex are reported in fig. 18.
For example, we consider the first diagram in fig. 18, i.e. the one-loop correction
to the vertex V4(ϕ1, ϕ1, ϕ¯1, ϕ¯1). This is the only diagram among the many containing as
external lines only fields from sector 1. We report the precise assignments of momenta and
energy in fig. 19.
The t and u-channel diagrams vanish because we have circulating arrows in the internal
loop. After integration in ω, the integral corresponding to the s-channel diagram is
M(4)(ϕ1, ϕ1, ϕ¯1, ϕ¯1) = −4|g|
4
m
∫
d2l
(2pi)2
1
2m(ωp + ωk)−~l2 − (~p+ ~k −~l)2 + iε
(C.13)
Performing the change of variables ~q = ~l− ~p+~k2 , in dimensional regularization we can write
M(4)(ϕ1, ϕ1, ϕ¯1, ϕ¯1) = 4|g|
4
m
µ4(2−d)
(4pi)d/2
1
Γ(d/2)
∫ ∞
0
dq
qd−1
q2 −m(ωp + ωk) + (~p+~k)24 + iε
(C.14)
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Figure 18: Possible topologies of one-loop corrections to four-point vertices for the dy-
namical fields. In the picture we do not distinguish between bosonic and fermionic lines.
(ωp, ~p)
(ωk,~k)
(ω′p, ~p
′)
(ω′k,~k
′)
ϕ1
ϕ1
ϕ¯1
ϕ¯1
(a)
Figure 19: One-loop 1PI correction to the four-point vertex with external scalars from
sector 1, coming from the s channel.
After performing the last integration and expanding in ε = 2− d we find
M(4)(ϕ1, ϕ1, ϕ¯1, ϕ¯1) = |g|
4
pim
1
ε
+ finite (C.15)
The renormalization condition in minimal subtraction scheme requires
M(4)(ϕ1, ϕ1, ϕ¯1ϕ¯1)− 4|g|2(2δg + 2δϕ1) = 0 (C.16)
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We then obtain
δ(1loop)g =
|g|2
8pim
1
ε
(C.17)
which is consistent with (C.8).
This confirms that SUSY is preserved by quantum corrections. Moreover, the quantum
corrections of the coupling constant g are completely determined by the wave-function
renormalization, as expected from the non-renormalization theorem.
Two-loop corrections to the self-energy
In component field formalism the number of Feynman diagrams at each loop order is much
greater than using the superspace approach. This makes the evaluation of quantum correc-
tions more involved when the number of loops increases. However, in the non-relativistic
case selection rules 5.1 and 5.2 help in drastically decreasing the number of diagrams to be
considered. In particular self-energies are easily treatable also at two loops. Here we report
this calculation as an example of higher loop corrections in component field formalism.
At two loops the only self-energy diagram compatible with the selections rules is the
one for the χ2 fermion, depicted in fig. 20. Since there is no possibility to draw a non-
vanishing diagram for the corresponding scalar, consistency with SUSY invariance requires
this contribution to vanish. We now prove that this is indeed the case.
(Ω, ~p) (Ω, ~p)
χ2 χ¯2
Figure 20: Two-loop correction to the self-energy for the dynamical fermion in sector 2.
Writing down the corresponding integral and first performing the ωk, ωl integrations
by using the residue technique we find
M(4)f (χ2, χ¯2) = −
|g|4
m2
∫
d2k d2l
(2pi)4
~p 2 + 4~l · ~k + 2(~l + ~k) · ~p[
2mΩ− ~k2 − (~p− ~k)2 + iε
] [
2mΩ−~l2 − (~p−~l)2 + iε
]
(C.18)
Performing the change of variables
~k = ~K +
~p
2
, ~l = ~L+
~p
2
(C.19)
and continuing the integral to d = 2−  dimensions we find
M(4)f (χ2, χ¯2) = −
|g|4
m2
µ4(2−d)
(2pi)2d
∫
ddK ddL
4 ~K · ~L[
2mΩ− 2K2 − ~p24 + iε
] [
2mΩ− 2L2 − ~p22 + iε
]
(C.20)
The two integrals vanish for symmetry reasons.
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D Example of non-relativistic supergraph calculation
As an example of supergraph calculation we consider the two-loop corrrection to the three-
point vertex.
Conservation of the particle number at each vertex restricts the allowed diagrams to
the single non-planar graph of fig. 13, where we have depicted all possible consistent
assignments of arrows.
This is a case in which the number of chiral and anti-chiral vertices is different. Con-
sequently, the factors of covariant derivatives are not only used to simplify propagators,
but as the result of applying D-algebra (5.4), they give powers of momenta at the numer-
ator which might affect the convergence of the ω integrations. Therefore, though all the
diagrams contain closed loops of arrows and they should vanish due to selection rule 5.1,
here we perform the explicit check.
For instance, focusing on the arrow configuration 13(d), the result of D-algebra is given
in fig. 21.
Figure 21: Diagrams resulting from the D-algebra reduction of diagram 13(d).
In the first two diagrams the covariant derivatives act on the external fields or they
are responsible for the simplification of some propagators. In fact, there are some effective
4-point vertices due to Dirac δ-functions arising in this way. In both cases we are left with
a loop containing three propagators whose arrows form a closed loop, and then there is
enough regularity to apply the Jordan’s lemma and conclude that they vanish.
Due to the structure of the external covariant derivatives, the only relevant contribution
from the third diagram in fig. 21 is proportional to∫
dωqd
2q
(2pi)3
dωkd
2k
(2pi)3
αβ
(
m(ωk + ωq) + ~k · ~q
) 1
2mωk − ~k2 + iε
1
4m(ωp1 + ωk)− (~p1 + ~k)2 + iε
× 1
2m(ωk + ωq − ωp2)− (~k + ~q − ~p2)2 + iε
1
4m(ωk + ωq)− (~k + ~q)2 + iε
× 1
2mωq − ~q2 + iε
1
2m(ωp1 + ωp2 − ωq)− (~p1 + ~p2 − ~q)2 + iε
(D.1)
where momenta (ωpa , ~pa), a = 1, 2 refer to the external Φ1,Φ2 particles. At the numerator
we have used the null reduction of the 4d expression kαα˙ q
α˙
β = (σ
M )αα˙(σ
N ) α˙β kMqN .
If we now focus on the ωk integration, we see that in the region of large ωk the worst
integrand goes as 1/ω3k. This allows to apply Jordan’s lemma and compute the integral by
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residue theorem. Since all the poles are on the same side of the complex plane the result
is zero.
The same pattern occurs for the other configurations of arrows in fig. 13(a)-(c). This
provides a check of selection rule 5.1 in this particular case.
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